Abstract. The dynamics of magnetization under the applied spin current is modeled by the generalized Landau-Lifshitz-Gilbert equation with a spin transfer torque term. Using matched asymptotic expansion with the domain wall thickness ǫ as the small parameter, we derive analytically the dynamic law for the domain wall motion induced by the spin current. We show that the domain wall driven by adiabatic current spin-transfer torque moves with a decreasing velocity and eventually stops. With a pinning potential, the domain wall motion is a damped oscillation around the pinning site with an intrinsic frequency which is independent of the strength of the current. When the AC current is applied, the dynamic law shows that the frequency of the applied current can be turned to maximize the amplitude of the oscillation. The results obtained are consistent with the recent experimental and numerical results.
1.
Introduction. The subject of current induced magnetic reversal has received considerable interest recently due to its promising applications for magnetic nanodevices [1] , [2] , [3] , [4] , [5] , [6] and [10] . The physics of the current induced magnetization reversal involves interplay between nonequilibrium conduction electrons and local magnetization. When a spin-polarized current goes through a domain wall, it produces a spin torque on the magnetization. This current spin-transfer torque can be written in the following form [7] 
where M is the magnetization vector, M s is the saturation magnetization, b J = P j e µ B /eM s and c J = ξb J , P is the spin polarization of the current, j e is the current density in the x direction, µ B is Bohr magneton, and ξ is a dimensionless constant which describes the degree of the nonadiabaticity between the spin of the nonequilibrium conduction electrons and local magnetization. The "b j " and "c j " terms are called "adiabatic" and "nonadiabatic" spin torque respectively.
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With the spin-transfer torque (1), the generalized Landau-Lifshitz-Gilbert equation (LLG) describing dynamics of magnetization can be written as:
where γ is the gyromagnetic ratio, α is the damping parameter, and H ef f is the effective field including anisotropy field, exchange field, demagnetization field, the external magnetic field. We consider a ferromagnetic thin film strip in the xy plane, with the easy axis x along the long length of the strip as shown in Fig. 1 . The in plane transverse domain wall separates two domains in the strip. Therefore the demagnetization field can be simplified as the shape anisotropy 4πM 3 along the z direction. The effective field H ef f is written explicitly as:
where H K is the anisotropy constant, A is the exchange coefficient, and 4πM 3 is the simplified demagnetization field as the shape anisotropy. H e is the applied magnetic field in the x-direction. M 1 and M 3 are x and z components of M respectively. The dynamics of the domain wall under the applied magnetic field has been studied in various situations (see e.g., [14] and [13] ). However, the dynamics of the domain wall under the applied current is expected to be very different.
We assume that the current flows along the x direction. In this case, the magnetization M is assumed to be a function of x and t only. The system is then reduced to a 1D model. Li and Zhang [8] solved the 1D Landau-Lifshitz-Gilbert equation numerically and analytically and their analysis follow the Walker's analysis of domain wall motion by introducing a trial funtion [16] . Their numerical simulations of dynamics of the in-plane Neel wall driven by adiabatic spin-transfer torque have shown that the domain wall moves at the initial application of the current. The velocity then decreases in time and eventually stops [8] . During the motion, the domain wall also develops a small out-of-plane angle and the wall width decreases.
In realistic nano-wires or nano-strips, there are various pinning sources such as defects and roughness and the domain walls are not free to move. To model the effect of defect, a pinning potential is usually introduced. One form of the pinning potential is the following [10] and [15] 
where d is the position of the domain wall center, d 0 is the defect position. K p and q 0 measure the strength and the width of the defect. The sign before K p is positive for the tail-to-tail wall and negative for the head-to-head wall. Therefore the effective field H ef f including the pinning potential can be written as:
Recent experimental results [15] have shown that the injection of spin-polarized current below a threshold value through a domain wall confined to a pinning potential results in its precessional motion within the potential well. By using a short train of current pulses, whose length and spacing are tuned to this precession frequency, the domain wall's oscillations can be resonantly amplified.
The numerical results in [17] have shown that when confined in a pinning potential, the domain wall driven by a dc current oscillates around the equilibrium position. There is a critical current below which the oscillation amplitude decreases with time due to the damping. The critical current is defined as the minimum current required for the depinning. The numerical results also show that the oscillation amplitude can be resonantly amplified when the frequency of the current pulse is appropriately chosen.
To gain analytical insight into the domain wall dynamics, we study the LandauLifshitz-Gilbert system (2) by the matched asymptotic expansions. In Sec. 2, we derive the dynamic law of the domain wall motion driven by the current. The asymptotic results are also compared with the numerical solutions. In Sec. 3, we derive the current driven dynamic law of the domain wall confined to a pinning potential. The oscillatory motion law of the domain wall driven by both dc or ac currents are obtained. The resonant amplification of the domain wall oscillation is also shown from the dynamic law obtained.
2. Asymptotic analysis of domain wall motion driven by current. The generalized LLG equation (2) with the spin current torque can be rewritten in terms of the polar angle θ and azimuth angle φ defined relative to the z axis. Let's assume
We then have
To write the equations into the dimensionless form, we scale the spatial variable x by l 0 where l 0 is the characteristic size of the strip. We denote the dimensionless domain wall thickness by
and study the behavior of the solution for small ε. Since H k , H e have the same physical dimension as M s , we write H k /M s =h k , H e /M s = εh e so that the applied field is weak and of ε order. The numerical results in [17] suggested that when current is applied, the wall motion occurs on a short time scale. Also note that M s l 2 0 /(2Aγ) has the dimension of time, we introduce the fast time scale
We assume that the applied current is weak and denote
With the above scalings, Eqs. (7) and (8) can now be written in the dimensionless form as:
where p = 4π/h k and h e =h e /h k . The initial condition is an in-plane Neel wall given by
where d 0 is the initial position of the domain wall.
2.1. Outer expansion. We now assume that, away from the domain wall, the solutions θ and ϕ can be expanded in powers of ε as:
It is easy to see that the outer expansions of the initial conditions give
for all j = 0, 1, 2.... Substituting the expansions (12) and (13) into Eqs. (9) and (10) gives equations in leading order O(1):
We then have:
Obviously, θ 0 (x, τ ) ≡ θ 0 (x, 0) = 0 or π is a solution. Then φ 0 (0, τ ) can be arbitrary and we choose it to be the same as the initial condition, i.e., φ 0 (0, τ ) = 0. The equations in order O(ε) are written as:
Obviously, we have θ 1 ≡ 0 and ϕ 1 ≡ 0. The equations in order O(ε 2 ) are:
We again have θ 2 = 0. Similarly we can show that θ i = θ 0 and ϕ i = 0 for all i ≥ 1. Therefore, the outer solution should be θ = 0 or θ = π and ϕ = 0. If the domain wall is head-to-head mode, θ is from 0 to π, otherwise, it is from π to 0 for the tail-to-tail wall.
Inner expansion.
We now study the behavior of the solution within the domain wall. We introduce an inner variable
where d(τ ) is the position of the domain wall. Numerical results also suggested that the angle ϕ is almost a constant inside the domain wall. Therefore we look for solutions of the following form:
We now have
Substituting the above expansions into Eq. (9) and we have, at the leading order O(1/ε),
which gives d 0 = 0, i.e., the domain wall is not moving in leading order. At the next order O(1), we have:
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The solutions are:
which gives the steady state Neel wall solution.
The O(ε) equations give:
From (29), we have θ 0η = sin θ 0 . Substituting into Eq. (30b), we have
From Eq. (30a), we have:
Multipling the equation by θ 0η and integrating with respect to η, we obtain the following:
The outer solution provides the boundary conditions of θ at ±∞
and its all the derivatives with respect η approach to 0 on both sides.
Integrating by parts of the first two terms in (33) gives:
since θ 0ηη = sin θ 0 cos θ 0 . Then we are left with:
which is written as
we obtain:
From Eq. (32), we also have:
which can be solved to give θ 1 = sin θ 0 . Therefore, the results obtained from the O(ε) equations are:
Eqs. (40)-(41) can be solved to give
These are the dynamic laws for the out of plane angle ϕ and the domain wall position in the higher orders. It is easy to see that
Consider the case when there is no applied magnetic field (h e = 0) and the nonadiabatic effect of the current is negligible (c j ≈ 0). At the initial application of the current (τ = 0), we have ϕ 1 = 0 and the domain wall velocity
On the other hand, as τ increases, the domain wall velocity v → 0 exponentially fast as τ → ∞. This shows that the domain wall stops quickly and current alone cannot drive the domain wall for long distance. As τ increases, ϕ 1 is non-zero indicating domain wall distortion. The distortion reaches maximum at
When the applied magnetic field h e is nonzero, the velocity of the domain wall will be alerted initially when a current is applied. But the terminal velocity is independent of the applied current. We now compare the asymptotic results (43) and (44) with the solution from the full equations (9) and (10) 3. Effect of pinning potential on domain wall motion driven by current. We now study the dynamics of the domain wall in the presence of a pinning potential H p given by (4) . We assume that the pinning is strong and is of order 1/ε, i.e.,
where d is the position of the domain wall and d 0 is the position of the defect and will be assumed to be d 0 = 0. The dimensionless equations are then written as:
The initial condition is the same in-plane Neel wall given by (11).
Outer expansion.
It is easy to see that the leading order outer expansion gives sinθ ≡ 0. We again have that the outer solutions of θ and ϕ are 
Inner expansion.
We now study the behavior of the solution within the domain wall. We again introduce a rescaled variable
We look for solutions θ, ϕ and d(τ ) that can be expanded in the following form
At the leading order O(1/ε), we have:
The solution is d 0 ≡ 0. At the next order O(1), we have:
which also gives d 1 = 0. The O(ε) equations give:
Since θ 0η = sin θ 0 , we have from Eq. (54b) that
From the first equation in Eq. (54a), we have:
Multiplying the equation by θ 0η and integrating with respect to η, we obtain the following:
Integrating by parts of the first two terms in (57) gives:
Then we are left with:
From Eq. (56), we have θ 1 = sin θ 0 . Therefore, the results obtained from the O(ε) equations are:
Eqs. (62) and (63) are the dynamic equations for the position of the domain wall and the out of plane angle (in higher ε 2 order).
3.2.1.
Oscillation driven by dc current. We first study the effect of the pinning potential on the dynamics of domain wall under a constant dc current. Use the relation c j = ξb j and from (62) and (63), we have:
The matrix form of the system is:
The eigenvalues of the coefficient matrix are:
It is easy to see that the eigenvalues λ ± are complex when
This is the case when the damping coefficient α is small. Denote
We then have the general solutions
Here c 1 and c 2 are determined from the initial conditions of d(0) = 0, ϕ(0) = 0.
When h e = 0 and ξ = 0, the solutions in (69) represent exponentially damped oscillations of d and ϕ around their equilibrium positions 0 and b j /p respectively. ω is the intrinsic frequency of the oscillation which is independent of the applied current. If α = 0, we have r = 0. Therefore the solutions describe undamped oscillation with the intrinsic frequency ω = pk p .
3.2.2.
Resonant amplification of domain wall oscillation by ac current. The behavior of the damped oscillation of the domain wall around the pinning site with an intrinsic frequency described in the previous section motivates the use of ac current or current pulses to drive the domain wall. Experimental results in [10] and [15] have shown that oscillations in the domain wall position and momentum can be resonantly amplified by using a short sequence of current pulses, whose lengths and separations are turned to its oscillation frequency. In this section, we show this resonant amplification effect from the dynamic laws derived in the last section. We consider an ac current b j = b a cos ω 1 τ with frequency ω 1 and amplitude b a . For simplicity, we assume h e = 0, ξ = 0. From the dynamic laws (62) and (63), we can write down the general solution d 2 as
where r, ω are defined in the previous section and d 2p is a particular solution of the form:
where A, and B are determined to be
The first part of the solution (70) will again be exponentially damped. However, the second part d 2p is undamped and has an fixed amplitude
It is easy to see that C reaches a maximum value
,
which is the resonance frequency. Note that if there is no damping in the system, i.e., if α = 0, C m → ∞ when ω 1 → pk p , which is the intrinsic frequency ω = pk p for the undamped system.
4.
Conclusions. Using matched asymptotic expansions, we have derived the dynamic laws for the transverse domain wall motion induced by spin current. The analytic results can be used to explain many of the experimentally observed results. Without the pinning effect, domain wall driven by adiabatic current spin-transfer torque moves with a decreasing velocity and eventually stops. With a pinning potential, the domain wall oscillates around the pinning site with an intrinsic frequency that is independent of the strength of the current. When the AC current is applied, the frequency of the applied current can be turned to maximized the amplitude of the oscillation amplitude. The results are consistent with the existing experimental results. Finally, we note that considered only localized stray field in this work. It will be interesting to study the behavior of the domain wall when the full nonlocal demagnetization field [11] and [12] is used .
